Propagation of Singularities in One-Dimensional Thermoelasticity  by Racke, Reinhard & Wang, Ya-Guang
 .JOURNAL OF MATHEMATICAL ANALYSIS AND APPLICATIONS 223, 216]247 1998
ARTICLE NO. AY985972
Propagation of Singularities in One-Dimensional
Thermoelasticity
Reinhard Racke
Faculty of Mathematics and Computer Science, Uni¨ ersity of Konstanz, Box D187,
78457 Konstanz, Germany
and
Ya-Guang Wang
Department of Applied Mathematics, Shanghai Jiao Tong Uni¨ ersity, Shanghai 200240,
People’s Republic of China
Submitted by William F. Ames
Received July 8, 1997
The propagation of singularities for the system of homogeneous thermoelasticity
in one space dimension is studied. Linear and a class of semilinear Cauchy
problems are considered. Q 1998 Academic Press
1. INTRODUCTION
We consider the Cauchy problem for the one-dimensional system of
thermoelasticity, both for the linear, homogeneous case and for a class of
semilinear problems. We are interested in describing the propagation
of singularities and the distribution of regular domains in the space]
time region, respectively, if the initial data have different regularity in
different parts of the real line.
The system of thermoelasticity is a hyperbolic]parabolic coupled system
describing the elastic and the thermal behavior of an elastic medium. It is
well known that with respect to the decay of solutions as time tends to
infinity, and also with respect to the existence of global smooth solutions
for small data in one dimension, the system behaves like a parabolic one;
w x w xsee, for example, 4, 5, 16, 11, 12, 18 or 9, 10, 17 and the references
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0022-247Xr98 $25.00
Copyright Q 1998 by Academic Press
All rights of reproduction in any form reserved.
SINGULARITIES IN ONE-DIMENSIONAL THERMOELASTICITY 217
therein. It has been shown that large data for the quasilinear problem will
w xlead to the development of singularities in finite time; see, e.g., 3 and the
w x w xreferences in 10 . On the other hand, it was proved in 7 that solutions to
the linear problem propagate singularities in the sense that the solutions
do not show a smoothing effect, i.e., in general, the H s regularity of the
initial data will not be improved.
Here we shall describe the behavior of the solutions for initial data
which typically have the regularity
s sq1 w xH R l H R _ a, b , .  .
while right-hand sides will behave differently on characteristic lines; see
below. It turns out that the behavior is dominated by the hyperbolic part
 w x.cf. 7 , and the characteristic lines are those from the wave equation. This
will also hold for a class of semilinear problems. We shall describe the
domains in the space]time area with H s or H sq1 regularity precisely.
Our interest is devoted to the study of the Cauchy problem in one-di-
mensional semilinear thermoelasticity,
u y t u q gu s f u , u , .t t x x x
u y ku q g u s g u , .t x x t x 1.1 .
u t s 0 s u , u t s 0 s u , u t s 0 s u , .  .  .0 t 1 0
 .  . .where u, u s u, u t, x , t G 0, x g R, represent the displacement and
the temperature difference, respectively, t , k ) 0 and g / 0 are constants,
and f and g are smooth functions satisfying
f 0, 0 s g 0 s 0. 1.2 .  .  .
 .Differentiating we obtain from 1.1 that u and u satisfy the fourth order
equations
P ­ u s F , P ­ u s G, .  .
u t s 0 s u , u t s 0 s u , u t s 0 s u , .  .  .0 t 1 t t 2 1.3 .
u t s 0 s u , u t s 0 s u , u t s 0 s u , .  .  .0 t 1 t t 2
where
P ­ s ­ 3 y k­ 2­ 2 y t q g 2 ­ ­ 2 q kt­ 4 , 1.4 .  . .t t x t x x
with ­ s ­r­ , ­ s ­r­ , andt t x x
F s F u , u , u , u , u , u , u , u s ­ f y k­ 2 f y g­ g , .x x x t x x x t t x x
G s G u , u , u , u , u , u , u , u , u , u .x x x t t x t t x t t x 1.5 .
s ­ 2 g y t­ 2 g y g­ ­ f ,t x t x
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F and G being quasilinear, and
u [ f u , u q t uY y gu X , .2 0 0 0 0
u [ g u q ku Y y g uX , .1 0 0 1
2Y Xu [ g 9 u u q k g 9 u u q k g 0 u u .  .  .  .2 0 1 0 0 0 0 1.6 .
y g f u , u uX y g f u , u u X .  .1 0 0 0 2 0 0 0
q k ku ZX y g uZ y g t uZ y gu Y . .  .0 1 0 0
 .Here, a prime 9 denotes differentiation with respect to a single variable
and
­ f ­ f
f u , u [ u , u , f u , u [ u , u . .  .  .  .1 2­ u ­u
The subject of this paper is to study the local existence and regularity of
 .  .solutions u, u to the semilinear problem 1.1 under the assumption that
 .the initial data u , u , u satisfy0 1 0
s sq1 w xu , u g H R l H R _ a, b , .  .0 0
1.7 .
sy1 s w xu g H R l H R _ a, b , .  .1
where s will be in Rq and 0 - a - b - ` are fixed. For this purpose, we0
first study the propagation of singularities for the linearized problem
 .associated to 1.3 using Fourier analysis; at the same time, we obtain
estimates for the solutions in a space of piecewise H s functions. Then, as
usual, we use these estimates in an iteration scheme for the nonlinear
problem. In order to formulate the main results, let us denote by I, II, and
III, respectively, the three regions
’I [ x , t y` - x - a y t t , 0 - t - ` . 4
’j x , t t t q b - x - `, 0 - t - ` . 4
b y a’ ’j x , t b y t t - x - t t q a, - t - ` , . 5’2 t
b y a’ ’II [ x , t a y t t F x - t t q a, 0 - t - . 5’2 t
b y a’ ’j x , t a y t t F x F b y t t , F t , . 5’2 t
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b y a’ ’III [ x , t b y t t - x F t t q b , 0 - t - . 5’2 t
b y a’ ’j x , t t t q a F x F t t q b , F t , . 5’2 t
which are illustrated in Figure 1.1.
 .For the linearized problem associated to 1.3 , we have the following
result:
THEOREM 1.1. Consider the linear Cauchy problem
P ­ u s F t , x .  .
1.8 .
u t s 0 s u , u t s 0 s u , u t s 0 s u , .  .  .0 t 1 t t 2
and let s G 4 and T ) 0 be fixed.
 .  .1 If the initial data u , u , u satisfy0 1 2
s sq1 w xu g H R l H R _ a, b , .  .0
sy1 s w xu g H R l H R _ a, b , .  .1
sy3 sy2 w xu g H R l H R _ a, b , .  .2
and if F satisfies
2 w x sy3 1 w x sy4F g L 0, T , H R l H 0, T , H R , .  . .  .
2 sy3’ w x­ q t ­ F g L 0, T , H I j III , . . .t x 1.9 .
2 sy3’ w x­ y t ­ F g L 0, T , H I j II , . . .t x
FIG. 1.1. Areas of different regularity.
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 .then the solution u to 1.8 has regularity
1
j syj 2 sy3w x w xu g C 0, T , H R l C 0, T , H R .  . .  .F
js0
3
j sq2y2 jw xl H 0, T , H R , . .F
js2
1.10 .
2 s’ w x­ q t ­ u g L 0, T , H I j III , . . .t x
2 s’ w x­ y t ­ u g L 0, T , H I j II . . . .t x
 .Moreo¨er, there is a constant c s c T ) 0 depending only upon T , such that
the estimates
5 5 1 j sy j 5 5 2 sy3 5 5 3 j sq2y2 ju q u q uF C w0, T x , H R .. C w0, T x , H R .. F H w0, T x , H R ..js 0 js2
5 5 5 5 5 5 5 5 1 j sy3y jF c T u q u q u q F .  .s sy1 sy3 F H w0, T x , H R ..0 1 2 js 0
1.11 .
and
’ ’­ q t ­ u q ­ y t ­ u2 s 2 s .  .w x  .. w x  ..t x t xL 0, T , H IjIII L 0, T , H IjII
5 5 5 5 5 5 5 5 sq 1F c T u q u q u q u . s sy1 sy3 H R _w a , b x. 0 1 2 0
5 5 s 5 5 sy 2 5 5 1 j sy3y jq u q u q FH R _w a , b x. H R _w a , b x. F H w0, T x , H R ..1 2 js 0
’q ­ q t ­ F 2 sy3 . w x  ..t x L 0, T , H IjIII
’q ­ y t ­ F . 1.12 .2 sy3 . /w x  ..t x L 0, T , H IjII
are ¨alid
 .  .2 If , in addition to the abo¨e assumption, u , F also satisfy2
sy2 0 w x sy3u g H R , F g C 0, T , H R , 1.13 .  .  . .2
 .the regularity in 1.10 impro¨es to
0 s’ w x­ q t ­ u g C 0, T , H I j III . . .t x
1.14 .
0 s’ w x­ y t ­ u g C 0, T , H I j II , . . .t x
 .and we ha¨e an estimate similar to 1.12 with ob¨ious modifications.
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 .Now let us state the main result for the semilinear problem 1.1 as
follows.
 .THEOREM 1.2. Let s ) 9r2 be fixed and the assumption 1.7 as well as
Y X sy1 s w xku y g u g H R l H R _ a, b 1.15 .  . .0 1
 .be gi¨ en. Then there is T ) 0 such that there is a unique solution u, u to
 .1.1 satisfying
3
j syj 4 sy4w x w xu g C 0, T , H R l H 0, T , H R , .  . .  .F
js0
1
j syj 2 sy3w x w xu g C 0, T , H R l C 0, T , H R .  . .  .F
js0
3
j sq2y2 jw xl H 0, T , H R . . .F
js2
Moreo¨er, we ha¨e
2 s’ w x­ q t ­ u g L 0, T , H I j III , . . .t x
2 s’ w x­ y t ­ u g L 0, T , H I j II , . . .t x
l 0 sq1yl’ w x­ q t ­ u g C 0, T , H I j III , . . .t x
1.16 .
l 0 sq1yl’ w x­ y t ­ u g C 0, T , H I j II , l s 1, 2. . . .t x
w xSemilinear problems for special nonlinearities have been studied in 4
w x sand 6 with respect to global existence and blow-up, respectively, for H
data. It is interesting to compare the results above to those well known for
wthe purely hyperbolic case, i.e., u s 0, g s 0; see, for example, 1, 2, 8,
x13]15 . In our case the hyperbolic part is the predominating one leading to
’the same characteristic lines ``x " t t s const.'' as in the purely hyper-
bolic case; nevertheless the parabolic impact is still present as can be seen
in Theorem 1.1, looking at the regularity required for u , or in Theorem2
1.2, observing that the range of l is restricted to l s 1, 2.
In Section 2 we shall present lemmata finally proving Theorem 1.1, while
Section 3 will give the proof of Theorem 1.2 along a series of lemmata.
Finally, Section 4 will add some concluding remarks, e.g., on initial-boundary
value problems.
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m .Notation. We use standard notation for the Sobolev spaces H R ,
2 j jw x s ..m g R or the Banach spaces L , H , C 0, T , H R , j g N , s g R.0
q  4 2 jFor any V ; R = R, let V [ V l t s t . We define L , H ,0 t
jw x s .. 2 jC 0, T , H V as the spaces of functions belonging to L , H ,t
j sw x w x. w x w xC T , T , H x , x for any rectangle T , T = x , x ; V l1 2 1 2 1 2 1 2
 40 F t F T , and we omit the index t of V for simplicity. Furthermore, int
order to simplify the exposition, we introduce the abbreviations
s s s s w xH [ H R , H [ H R _ a, b , .  .e
2 s 2 w x sL H [ L 0, T , H , .  .
s s. j s.if T is fixed, similarly for H H and C H ;
2 s 2 w x sL H , I, III [ L 0, T , H I j III .  . .
2 s . 0 s . 0 s .similarly for L H , I, III , C H , I, III , and C H , I, II . The norm in
s 5 5 2 0 5 5H is denoted by ? ; the norm in L s H by is denoted ? .s
2. LINEAR PROBLEMS
 .In this section we study the linear problem 1.8 and present the proof of
 .Theorem 1.1. The problem 1.8 can be divided into four problems in each
of which only one of u , u , u , and F is nonzero. We shall study these0 1 2
problems separately. First let us consider the case u s u s 0, F s 0, i.e.,0 1
P ­ u s 0, .
2.1 .
u t s 0 s u t s 0 s 0, u t s 0 s u . .  .  .t t t 2
Applying the Fourier transformation F, we can express the solution u to
 .2.1 as
3
y1 2u t , ? s F b j exp yb j t u j , 2.2 .  .  .  .  .Ã .j ª x j j 2 /js1
 .  w x.  . Ãwhere the caret denotes the Fourier transform cf. 7 , b j j sj
.1, 2, 3 are the roots of the algebraic equation
yb 3 q kj 2b 2 y t q g 2 j 2b q ktj 4 s 0, 2.3 . .
and
b2 j [ 1 b j y b j , j s 1, 2, 3. 2.4 .  .  .  . .j j l /
l/j
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 w x.Concerning the asymptotic behavior of b , it is known cf. 9, 17 that thej
following holds.
LEMMA 2.1. There are positi¨ e constants c, k , k with k - k such that:1 2 1 2
 . < <1 If j F k , we ha¨e1
kt
2b j s j q r j , .  .1 12t q g
2.5 .2kg 2 2< < ’b j s b j s j q i t q g j q r j , .  .  .2 3 222 t q g .
 .where r j s 1, 2 is smooth and satisfiesj
< < < < 3r j F c j . 2.6 .  .j
 . < <2 If j G k , we ha¨e2
g 2 a12 y2b j s kj y y j q r j , .  .1 33k k
2.7 .
2g a a1 2y2 y1’b j s b j s q j q i t j q j q r j , .  .  .2 3 43 2 /2k 2k k
 .where r j s 3, 4 is smooth and satisfiesj
< < < <y3r j F c j 2.8 .  .j
and
g 2 4t y g 2 .
2 2a [ g g y t , a [ . .1 2 ’8 t
 .Inserting these expansions into formula 2.4 , we obtain by simple
computations
 . < <LEMMA 2.2. 1 If j F k , we ha¨e1
1
2 y2b j s j q r j , .  .1 52t q g .
2.9 .
1
2 2 y2b j s b j s y j q r j , .  .  .2 3 622 t q g .
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 .where r j s 5, 6 is smooth and bounded.j
 . < <2 If j G k , we ha¨e2
1
2 y4b j s j q r j , .  .1 72k
2.10 .
1 1
2 2 y3 y4b j s b j s i j y j q r j , .  .  .2 3 82’ 2k2k t
 .where r j s 7, 8 is smooth and satisfiesj
< < y6 < < < <y5r j F cj , r j F c j . 2.11 .  .  .7 8
 . ` .For a fixed k g 0, k choose two functions x , x g C R satisfying0 1 1 2 0
w xx s 1, supp x ; yk , k ,1 1 1 1Nwyk , k x0 0
2.12 .
x s 1,2 Nwyk , k x2 2
for which the following identity obviously holds:
x j q 1 y x j x j q 1 y x j s 1, j g R. 2.13 .  .  .  .  . .  .1 1 2 2
 .Thus, the solution u given in 2.2 can be decomposed into
3
 j.u t , x s u t , x , 2.14 .  .  .
js1
where
3
1. y1 2u t , x [ F b j exp yb j t x j u j , 2.15 .  .  .  .  .  .Ã .j ª x j j 1 2 /js1
3
2. y1 2u t , x [ F b j exp yb j t 1 y x j .  .  .  . . .j ª x j j 1 js1 2.16 .
=x j u j , .  .Ã2 2 /
and
3
3.u t , x s ¨ t , x 2.17 .  .  . j
js1
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with
¨ t , x [ F y1 b2 j exp yb j t 1 y x j u j . 2.18 .  .  .  .  .  . .Ã . .j j ª x j j 2 2
The different terms are investigated separately. At first we shall prove
LEMMA 2.3. For any u g L2 we ha¨e
1. 2. k w su , u g C 0, ` , H 2.19 .. .
for any k g N, s G 0. Moreo¨er, for any T ) 0 there is c ) 0 such that
5 1. 2. 5 k s 5 5u , u F c u . 2.20 .C H . 2
 .  .Proof. We shall verify 2.19 , and the estimate 2.20 will be obvious
from this proof using the mapping properties of the Fourier transform.
The assertion is immediately clear for u2. by using the fact that b2 and bj j
  ..  . 1.are smooth on the support of 1 y x j x j . Concerning u we1 2
exploit Lemmata 2.1 and 2.2 to obtain that on the support of x we have1
1
2 y2b j exp yb j t s j q R t , j , .  .  . .1 1 12t q g .
b2 j exp yb j t q b2 j exp yb j t 2.21 .  .  .  .  . .  .2 2 3 3
1
y2s y j q R t , j , .22t q g .
 .where R j s 1, 2 is smooth in t G 0 and bounded in j g supp x .j 1
 .  .Inserting 2.21 into 2.15 it follows
1. 0 w su g C 0, ` , H. .
for any s G 0 provided u g L2.2
 .By differentiating 2.15 with respect to t we obtain
1. 1 w su g C 0, ` , H. .
 .in the same way. Successively, we conclude 2.19 . Q.E.D.
 .For the term ¨ given in 2.18 , we get1
LEMMA 2.4. For any u g H sy3, with s G 3, we ha¨e2
3
j sq2y2 j¨ g H H 2.22 .  .F1
js0
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for any T ) 0, and the estimate
5 5 3 j sq2y2 j 5 5¨ F c u 2.23 .F H H . sy31 2js 0
 .holds with a constant c s c T ) 0.
 .Proof. As above, it suffices to prove 2.22 . Using Lemmata 2.1 and 2.2
  ..we know that on the support of 1 y x j ,2
g 2 1
2 2 y4b j exp yb j t s exp y kj y t j q r t , j , .  .  . .1 1 2 / / /k k
2.24 .
where r is smooth and satisfies
< l < y6­ r t , j F c l , T j 2.25 .  .  .t
w xfor l G 0, t g 0, T .
 .  .Substituting 2.24 into 2.18 for j s 1, it follows
g 2 1
y1 2 y4¨ t , x s F exp y kj y t j q r t , j .  .1 j ª x 2 / / / k k
= 1 y x j u j .  . .Ã2 2 /
1 g 2
' exp t ¨ t , x q R t , x , 2.26 .  .  .Ä12  /kk
where
¨ t , x [ F y1 exp ykj 2 t jy4 1 y x j u j .  .  . . .Ä Ã .1 j ª x 2 2
satisfies
­ y k­ 2 ¨ s 0,Ä .t x 1
2.27 .
y1 y4¨ 0, x s F j 1 y x j u j . .  .  . .Ä Ã .1 j ª x 2 2
Obviously, if u g H sy3, then2
¨ 0, ? g H sq1 R . 2.28 .  .  .Ä1
 .The classical theory for heat equations as in 2.27 yields
3
j sq2y2 j¨ g H H , 2.29 .  .Ä F1
js0
for any T ) 0 and s G 3.
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 .On the other hand, using 2.25 we get
3
j sq3y2 jR g C H . 2.30 .  .F
js0
 .  .  .Combining 2.29 and 2.30 the conclusion 2.22 follows. Q.E.D.
LEMMA 2.5. If u g H sy3, s g R arbitrary, we ha¨e2
2
j syjw¨ , ¨ g C 0, ` , H 2.31 .  .. .F2 3
js0
and the estimate
5 5 2 j sy j 5 5¨ , ¨ F c T u 2.32 .  .F C H . sy32 3 2js 0
holds for any T ) 0.
Proof. We study the term ¨ ; the term ¨ can be discussed similarly.2 3
Using Lemmata 2.1 and 2.2, we obtain on the support of 1 y x ,2
2 y3g ij
2 ’b j exp yb j t s exp y q i t j t q r t , j , .  .  . .2 2  / /  /’2k 2k t
2.33 .
where r is smooth and satisfies
< l < y4­ r t , j F c T j 2.34 .  .  .t l
w x  .  .for all l G 0, t g 0, T . Substituting 2.33 into 2.18 it follows
2g
y1 ’¨ t , x s exp y t F exp yi t j t 1 y x j .  . . .2 2 / 2k
ijy3
=u j q r t , j , .  .Ã2  /’ /2k t
 . sy3which immediately implies 2.31 when u g H . Q.E.D.2
LEMMA 2.6. For any s g R, k G 1, and u g H sy3 l H sqky3 we ha¨e2 e
l 0 s’ w­ q t ­ ¨ , ¨ g C 0, ` , H , I, III , . . . .t x 2 3
2.35 .
l 0 s’ w­ y t ­ ¨ , ¨ g C 0, ` , H , I, II , . . . .t x 2 3
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 4for any l g 1, . . . , k . Moreo¨er, for any T ) 0, the following estimate holds:
k
l l’ ’­ q t ­ ¨ , ¨ q ­ y t ­ ¨ , ¨ .  .0 s 0 s .  .  .  .t x 2 3 t x 2 3 /C H , I , III C H , I , II
ls1
5 5 5 5 sq ky3F c T u q u . 2.36 .  . .sy3 H2 2 e
Proof. Consider ¨ . We shall obtain an even stronger result than2
 .  .  .claimed in 2.35 and 2.36 . From 2.18 we have
l ly1 2’ ’­ q t ­ ¨ s F b j exp yb j t yb j q i t j .  .  . . .  .t x 2 2 2 2
= 1 y x j u j . 2.37 .  .  . .Ã /2 2
On the support of 1 y x we have2
l2 ’b j exp yb j t yb j q i t j .  .  . .  .2 2 2
2 k9g
y3 yj’s exp y q i t j t cj q c t j q r t , j 2.38 .  .  . j 1 / /  /2k js4
for any k9 G 3, where c and r are smooth andj 1
< a < < <yk 9y1­ r t , j F c T j 2.39 .  .  .t 1 a
w xfor any a G 0, t g 0, T .
 .  .Substituting 2.38 into 2.37 gives
l 0 s’ w­ q t ­ ¨ g C 0, ` , H , 2.40 .. . .t x 2
if u g H sy3, and the estimate2
k
l’ 5 5­ q t ­ ¨ F c T u . 2.41 .  .0 s . sy3 .t x 2 2C H
ls1
In the same way we obtain
l’­ y t ­ ¨ .t x 2
ly1 2 ’s F b j exp yb j t yb j y i t j 1 y x j u j , .  .  .  .  . .  .Ã . /2 2 2 2 2
2.42 .
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and on the support of 1 y x ,2
l2 ’b j exp yb j t yb j y i t j .  .  . .  .2 2 2
2 k9g
ly3 yj’s exp y q i t j t cj q c t j q r t , j , .  .Ä j 2 / /  /2k js4yl
2.43 .
 .where c and r have the same properties as c and r in 2.39 , respec-Äj 2 j 1
 .  .tively. Plugging 2.43 into 2.42 it follows that
l’­ y t ­ ¨ t , x . .t x 2
2g
y1 ’s exp y t F exp yi t j t . / 2k
k9
ly3 yj= cj q c t j q r t , j 1 y x j u j .  .  .  . .Ä Ã j 2 2 2 / /js4yl
k9
0.  j.' ¨ t , x q ¨ t , x q R t , x 2.44 .  .  .  .2 2
js4yl
with obvious notation. Clearly, when u g H sqky3 l H sy3, we have2 e
k9
0.  j. 0 sqkylw¨ , ¨ g C 0, ` , H , I, II . 2.45 .. .2 2
js4yl
and R satisfying
0 w sqkylR g C 0, ` , H 2.46 .. .
by setting k9 G k y l q 2. Thus, we obtain
l 0 sqkyl’ w­ y t ­ ¨ g C 0, ` , H , I, II 2.47 .. . .t x 2
and the estimate
k
l’ sq ky35 5 5 5­ y t ­ ¨ F c T u q u . .0 sqky l  . . sy3 H ..t x 2 2 2C H , I , II e
ls1
2.48 .
 .  .  .  .  .From 2.40 , 2.41 , 2.47 , and 2.48 we conclude the assertions 2.35 and
 .2.36 for ¨ . Q.E.D.2
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 .Now we can state a complete result for the problem 2.1 as follows.
PROPOSITION 2.7. For any s G 3 and u g H sy3 l H sy2 the solution u2 e
 .of 2.1 satisfies
1 3
j syj 2 sy3 j sq2y2 ju g C H l C H l H H , .  .  .F F
js0 js2
2 s’­ q t ­ u g L H , I, III , 2.49 .  . .t x
2 s’­ y t ­ u g L H , I, II , . .t x
and the estimates.
5 5 1 j sy j 2 sy3 5 5 3 j sq2y2 j 5 5u q u F c T u 2.50 .  .F C H .l C H . F H H . sy32js 0 js1
and
’ ’­ q t ­ u q ­ y t ­ u2 s 2 s .  . .  .t x t xL H , I , III L H , I , II
5 5 5 5 sy 2F c T u q u , 2.51 .  . .sy3 H2 2 e
 .hold for any T ) 0, where c T ) 0 only depends on T.
Proof. From Lemma 2.4 we have
0 w sq1 1 w sy1 2 w sy3¨ g C 0, ` , H l C 0, ` , H l C 0, ` , H 2.52 .. . . .  .  .1
if u g H sy3 with s G 3.2
 .  .Combining Lemmata 2.3]2.5 and 2.52 , and using Eq. 2.1 , the first
 .line of 2.49 follows. On the other hand, Lemma 2.4 implies
¨ g H 1 H s l L2 H sq2 . 2.53 .  .  .1
 .Lemmata 2.3 and 2.6 together with 2.53 yield the remaining claims in
 .2.49 . Q.E.D.
 . sy3 sy2Remark 2.8. From 2.53 we know that when u g H l H the2 e
 .result 2.49 cannot be improved to
0 s’­ q t ­ u g C H , I, III , . .t x
2.54 .
0 s’­ y t ­ u g C H , I, II . .t x
due to the heat conduction part. In particular, we have in general
u f C1 H s I l C 0 H sq1 I . 2.55 .  .  . .  .
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Similarly, when the assumption for u is strengthened to u g H sy3 l2 2
H sqky3 for a fixed integer k G 2, we cannot get more regularity ofe
 . l  .­ " ­ u in the regions I, II, and III than expressed in 2.49 for anyt x
 4l g 2, . . . , k . These two phenomena are typically different from the
 w x.situation for purely hyperbolic equations cf. 13]15 .
 .  .Let us now consider the linear Cauchy problem 1.8 with u , F2
vanishing:
P ­ u s 0, .
2.56 .
u t s 0 s u , u t s 0 s u , u t s 0 s 0. .  .  .0 t 1 t t
 .It is easy to see that the solution u of 2.56 can be represented as
3
y1 0 1u t , x s F exp yb j t b j u j q b j u j , .  .  .  .  .  .Ã Ã .  .  /j ª x j j 0 j 1
js1
2.57 .
where, for j s 1, 2, 3.
b0 [ b b y b , b1 [ b b y b . 2.58 . .  .   j l j l j l j l /  /
l/j l/j l/jl/j
In the same way as Proposition 2.7 we can establish a result for problem
 .2.56 as follows.
PROPOSITION 2.9. For any s G 2 and u g H s l H sq1 and u g0 e 1
sy1 s  .H l H , the solution u of 2.56 satisfiese
2
j syj 3 sy3u g C H l H H , .  .F
js0
0 s’­ q t ­ u g C H , I, III , . .t x
2.59 .
0 s’­ y t ­ u g C H , I, II , . .t x
and the estimates
5 5 2 j sy j 5 5 3 sy3 5 5 5 5u q u F c T u q u 2.60 .  . .F C H . H H . s sy10 1js 0
and
’ ’­ q t ­ u q ­ y t ­ u0 s 0 s .  . .  .t x t xC H , I , III C H , I , II
5 5 5 5 5 5 sq 1 5 5 sF c T u q u q u q u . 2.61 .  . .s sy1 H H0 1 0 1e e
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 .Next we consider the last case for problem 1.8 , i.e.,
P ­ u s F t , x , .  .
2.62 .
u t s 0 s u t s 0 s u t s 0 s 0. .  .  .t t t
 .Obviously, the solution u of 2.62 can be represented as
3
ty1 2 Ãu t , x s F b j exp yb j t y t F t , j dt , 2.63 .  .  .  .  .  . .Hj ª x j j 1 1 1 /0 js1
Ã .  .  .where F t, ? denotes the Fourier transform of F t, ? ; compare 2.2 .
 .Using the identity 2.13 we can decompose u into
3
 j.u t , x s u t , x , 2.64 .  .  .
js1
where
3
t1. y1 2 Ãu t , x [ F b j exp yb j t y t x j F t , j dt , .  .  .  .  .  . .H j j 1 1 1 1 /0 js1
2.65 .
3
t2. y1 2u t , x [ F b j exp yb j t y t 1 y x j .  .  .  .  . . .H j j 1 1 0 js1
Ã=x j F t , j dt , 2.66 .  .  .2 1 1 /
and
3
3.u t , x [ ¨ t , x 2.67 .  .  . j
js1
with
ty1 2 Ã¨ t , x [ F b j exp y b j t yt 1 yx j F t , j dt . .  .  .  .  .  . . .Hj j j 1 2 1 1 /0
2.68 .
In the same way as in Lemma 2.3, we have
LEMMA 2.10. For any integer k G 0 and
k k
j 2 j 2F g C L H L resp. , .  .F F /js0 js0
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u1., u2. satisfy
kq1 kq1
1. 2. j s j su , u g C H H H resp. .  .  .F F /js0 js0
for any s G 0 and T ) 0. Moreo¨er, the estimate
5 1. 2. 5 kq 1 j s 5 5 k j 2u , u F c T F .F C H . F C L .js 0 js0
5 1. 2. 5 kq 1 j s 5 5 k j su , u F c T F resp. 2.69 .  .F H H . F H H . .js 0 js0
is ¨alid.
For the term ¨ we get1
m j sy3y2 j.LEMMA 2.11. For any s G 2m y 2, m g N, and F g F H Hjs0
mq 1 j sq3y2 j.we ha¨e ¨ g F H H . Moreo¨er, ¨ satisfies1 js0 1
5 5 mq 1 j sq3y2 j 5 5 m j sy3y2 j¨ F c T F . 2.70 .  .F H H . F H H .1 js 0 js0
 .Proof. Again, it suffices to prove the regularity; the estimate 2.70 will
 .  .then be obvious. Employing the expansion 2.24 for 2.68 with j s 1, it
follows that
g 2 1ty1 2 y4¨ t , x s F exp y kj y t y t j q r t y t , j .  .  .H1 1 12 / / / k k0
Ã= 1 y x j F t , j dt .  . .2 1 1 /
1 g 2
' exp t ¨ t , x q R t , x , 2.71 .  .  .Ä12  /kk
where
g 2t 2y1 ykj  tyt . y41 Ã¨ t , x [ F e j 1 y x j exp y t F t , j dt .  .  . .Ä H1 2 1 1 1 / /k0
satisfies
g 2
2 y1 y4 Ã­ y k­ ¨ s F j 1 y x j F t , j exp y t , .  . .Ä .  .t x 1 2  /k 2.72 .
¨ t s 0 s 0, .Ä1
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which immediately implies
mq1
j sq3y2 j¨ g H H 2.73 .  .Ä F1
js0
m j sy3y2 j.if F g F H H , with s G 2m y 2.js0
 .  .  .Using the property 2.52 of r s r t, j in the term R s R t, x , it is
easy to deduce
mq1
j sq3y2 jR g H H . 2.74 .  .F
js0
 .  .  .From 2.73 , 2.74 , and 2.71 the conclusion follows. Q.E.D.
LEMMA 2.12. For any s g R, m g N and
m
j sy3yjF g H H 2.75 .  .F
js0
we ha¨e
m
j syj mq1 symy1¨ , ¨ g C H l H H , 2.76 .  .  .  .F2 3
js0
and the estimate
5 5 m j sy j mq1 symy1 5 5 m j sy3y j¨ , ¨ F c T F . 2.77 .  .F C H .l H H . F H H .2 3 js 0 js0
 .  .Proof. Using the expansion 2.33 in 2.68 with j s 2, we get
2 y3g ijty1 ’¨ s F exp y q i t j t y t q r t y t , j .  .H2 1 1 / /  /’ 2k 2k t0
Ã= 1 y x j F t , j dt , .  . .2 1 1 /
which implies
m
j syj mq1 symy1¨ g C H l H H .  .F2
js0
 .if 2.75 is valid, by using the fact that
< l < y4 w x­ r t , j F c T j , l G 0, t g 0, T . .  .t l
The result for ¨ can be verified similarly. Q.E.D.3
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 .LEMMA 2.13. 1 For any s g R and F satisfying
F g L2 H sy3 l H 1 H sy4 , .  .
2 sy3’­ q t ­ F g L H , I, III , . .t x 2.78 .
2 sy3’­ y t ­ F g L H , I, II , . .t x
 .the functions ¨ , ¨ gi¨ en in 2.68 satisfy2 3
2 s’­ q t ­ ¨ , ¨ g L H , I, III , .  . .t x 2 3
2.79 .
2 s’­ y t ­ ¨ , ¨ g L H , I, II . .  . .t x 2 3
Moreo¨er, we ha¨e the estimate
’ ’­ q t ­ ¨ , ¨ q ­ y t ­ ¨ , ¨ .  .2 s 2 s .  . .  .t x 2 3 t x 2 3L H , I , III L H , I , II
’1 j sy3y j5 5F c T F q ­ q t ­ F . 2 sy3 .F H H .  .t x L H , I , IIIjs 0
’q ­ y t ­ F . 2.80 .2 sy3 . / .t x L H , I , II
 .2 If we additionally assume
F g C 0 H sy3 , 2.81 .  .
 .then the result 2.79 is strengthened to
0 s’­ q t ­ ¨ , ¨ g C H , I, III , .  . .t x 2 3
2.82 .
0 s’­ y t ­ ¨ , ¨ g C H , I, II , .  . .t x 2 3
 .and an estimate similar to 2.80 holds with ob¨ious modifications.
 .  .  .Proof. It suffices to justify 2.79 and 2.82 for ¨ . From 2.68 we have2
y1 2 Ã’­ " t ­ ¨ s F b j 1 y x j F t , j .  .  . . .  .t x 2 2 2
ty1 2 ’q F b j yb j " i t j .  . .H 2 2 0
Ã=exp yb j t y t 1 y x j F t , j dt 2.83 .  .  .  .  . .  .2 1 2 1 1 /
and
y1 2 Ã’­ " t ­ ¨ s F b j exp yb j t 1 y x j F t , j .  .  .  . .  . .  .t x 2 2 2 2
ty1 2q F b j exp yb j t y t 1 y x j .  .  .  . .  .H 2 2 1 2 0
’=F ­ " t ­ F t , ? j dt . 2.84 .  .  . . .t x 1 1 /
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’ .  .To study ­ q t ­ ¨ we use the formula 2.83 . Exploiting the expan-t x 2
 .  .sion 2.38 for 2.83 , it follows that
y3ij
y1 Ã’­ q t ­ ¨ s F q r j 1 y x j F t , j .  .  . . .t x 2 1 2 /’ /2k t
2gty1 ’q F exp y q i t j t y t .H 1 / / 2k0
y3 Ã= cj q r t y t , j 1 y x j F t , j dt , 2.85 .  .  .  . . .2 1 2 1 1 /
where
< < y4 < < y4r j F cj and r t , j F c T j 2.86 .  .  .  .Ä1 2
  .. w x  .for j g supp 1 y x j and t g 0, T . From 2.85 we obtain2
2 s 0 s’­ q t ­ ¨ g L H resp. C H 2.87 .  .  . . .t x 2
2 sy3.  0 sy3..when F g L H resp. F g C H .
’ .  .  .To study ­ y t ­ ¨ we use the formula 2.84 . Exploiting 2.38t x 2
 .again for 2.84 , it follows that
2 y3g ij
y1’ ’­ y t ­ ¨ s F exp y q i t j t q r t , j . .t x 2  /  /’ 2k 2k t
Ã= 1 y x j F 0, j .  . .2 /
2gty1 ’q F exp y q i t j t y t .H 1 / / 2k0
ijy3
= q r t y t , j 1 y x j .  . .1 2 /’2k t
’=F ­ y t ­ F t , ? j dt .  . . .t x 1 1 /
' ¨ 1. q ¨ 2. 2.88 .2 2
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 .with obvious notation. From 2.78 we conclude
F 0, ? g H sy4 l H sy3 , . e
and using this for ¨ 1., we get2
¨ 1. g C 0 H s , I, II . 2.89 .  .2
 . 2.On the other hand, using 2.78 for ¨ yields2
¨ 2. g C 0 H s , I, II ; 2.90 .  .2
 .  .hence, 2.88 ] 2.90 imply
0 s’­ y t ­ ¨ g C H , I, II . 2.91 .  . .t x 2
 .  .  .  .Combining 2.87 and 2.91 the conclusions 2.79 and 2.82 for ¨ follow2
immediately. Q.E.D.
Now we can summarize the previous lemmata to the following result for
 .the problem 2.62 .
 .  .PROPOSITION 2.14. 1 For any s G 4 and F satisfying 2.78 , the solu-
 .tion u of 2.62 satisfies
1 3
j syj 2 sy3 j sq2y2 ju g C H l C H l H H , .  .  .F F
js0 js2
2 s’­ q t ­ u g L H , I, III , . .t x
2.92 .
2 s’­ y t ­ u g L H , I, II . . .t x
Moreo¨er, we ha¨e the following two estimates:
5 5 1 j sy j 5 5 2 sy3 5 5 3 j sq2y2 ju q u q uF C H . C H . F H H .js 0 js2
5 5 2 sy3 5 5 1 sy4F c T F q F , 2.93 .  . .L H . H H .
and
’ ’­ q t ­ u q ­ y t ­ u2 s 2 s .  . .  .t x t xL H , I , III L H , I , III
’1 j sy3y j5 5F c T F q ­ q t ­ F . 2 sy3 .F H H .  .t x L H , I , IIIjs 0
’q ­ y t ­ F . 2.94 .2 sy3 . / .t x L H , I , II
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 .  .2 If additionally the assumption 2.81 holds, then the last two lines in
 .  .  .2.92 can be strengthened as in 2.82 with an estimate similar to 2.94 being
¨alid with ob¨ious modifications.
 .  .Proof. With the notation given in 2.64 ] 2.68 we know from the
Lemmata 2.10 and 2.11 that, under the assumption
1
j sy3yjF g H H , 2.95 .  .F
js0
we have
2
1. 2. j sq3y2 ju q u q ¨ g H H , 2.96 .  .F1
js0
which implies
u1. q u2. q ¨ g C 0 H sq2 l C1 H s . 2.97 .  .  .1
Using Lemma 2.12, we have
1
j syj 2 sy2¨ q ¨ g C H l H H . 2.98 .  .  .F2 3
js0
 .  .  .Combining 2.96 ] 2.98 it follows, assuming 2.95 , that the solution u of
 .2.62 satisfies
1
j syj 2 sy2u g C H l H H . 2.99 .  .  .F
js0
 .Obviously, using the equation P ­ u s 0, this implies
u g H 3 H sy4 . 2.100 .  .
 .  .  .The relations 2.99 and 2.100 prove the first statement in 2.92 .
 .  .The results in Lemma 2.13 and 2.96 and 2.97 imply the regularity of
’ .  .  .­ " t ­ u in the regions I, II, and III. The estimates 2.93 and 2.94t x
are now simple consequences of our discussion. Q.E.D.
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Finally in this section, we are able to present the
Proof of Theorem 1.1. Combining Propositions 2.7, 2.9, and 2.14, the
 .  .results claimed in 1 follow. Furthermore, using 2.50 and Propositions
 .  .2.9 and 2.14 2 , assertion 1.14 is immediately deduced. Q.E.D.
3. SEMILINEAR PROBLEMS IN THERMOELASTICITY
 .The purpose of this section is to study the semilinear problems 1.1 and
 .1.3 , and to prove Theorem 1.2. In the remainder of this paper, s ) 9r2 is
a fixed real number.
 .To solve the nonlinear problem 1.1 , we use the iteration scheme
unq1 y t unq1 q gu nq1 s f un , u n , .t t x x x
u nq1 y ku nq1 q g unq1 s g un , 3.1 .  .t x x x t
unq1 t s 0 s u , unq1 t s 0 s u , u nq1 t s 0 s u , .  .  .0 t 1 0
 0 0.  .with the iteration starting point u , u [ 0, 0 . Formally, the scheme
 .  .3.1 gives rise to an iteration scheme for the nonlinear problem 1.3 as
P ­ unq1 s Fn , P ­ u nq1 s Gn , .  .
unq1 t s 0 s u , unq1 t s 0 s u , unq1 t s 0 s u , 3.2 .  .  .  .0 t 1 t t 2
u nq1 t s 0 s u , u nq1 t s 0 s u , u nq1 t s 0 s u , .  .  .0 t 1 t t 2
n n  n n .where F and G are determined by u , u in the same manner as in
 .  .1.5 , and u , u , u are given in 1.6 .2 1 2
 .  .For the initial data u , u , u in 1.1 we suppose0 1 0
u , u g H s l H sq1 ,0 0 e
3.3 .
u , ku Y y g uX g H sy1 l H s ,1 0 1 e
which obviuosly implies
u g H sy2 l H sy1 ,2 e
3.4 .
u g H sy1 l H s , u g H sy3 l H sy2 .1 e 2 e
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 .For the iteration scheme 3.1 , at first, we have
 .LEMMA 3.1. For any T ) 0, there is a constant c T ) 0 and a smooth
 . w xpositi¨ e, increasing function a ? such that for all n g N, t g 0, T ,
5 nq1 nq1 5 2 1 j sy j 5 nq1 nq1 5 2 2 sy3u , u q u , uF C w0, t x , H . C w0, t x , H .js 0
3
t 2j nq1 nq15 5q ­ u , u t dt .  .H sq2y2 jt 1 1
0 js2
5 5 2 5 5 2 5 Y X 5 2F c T u , u q u q ku y g u . s sy1 sy10 0 1 0 1
2
t 2n j n n5 5qa M ­ u , u t dt .  .  .H sy1yjt 1 1
0 js0
t 2n ny1 ny1 ny15 5qa M a M ­ u , u t dt , 3.5 .  .  .  .  .H sy4t 1 1 /0
where
n 5 n n 5 1 j sy2y jM [ u , u .F C w0, T x , H .js 0
 .  .Proof. Applying 1.11 in the iteration scheme 3.2 we obtain the
estimate
5 nq1 nq1 5 2 1 j sy j 5 nq1 nq1 5 2 2 sy3u , u q u , uF C w0, t x , H . C w0, t x , H .js 0
3
t 2nq1 nq15 5q ­ u , u t dt .  .H sq2y2 jt 1 1
0 js2
5 5 2 5 5 2 5 5 2F c T u , u q u , u q u , u . s sy1 sy30 0 1 1 2 2
1
t 2j n n5 5q ­ F , G t dt 3.6 .  .  .H sy3yjt 1 1 /0 js0
w xfor all T ) 0, t g 0, T .
 .From the expression for F, G given in 1.5 , we obtain
1
2j n n5 5­ F , G t .  . sy3yjt 1
js0
3 2
2 2n j n j n5 5 5 5F a M ­ u t q ­ u t . 3.7 .  .  .  . sy1yj sy1yjt 1 t 1 /js0 js0
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 .On the other hand, from the first equation in 3.1 , we deduce
un s f uny1 , u ny1 q t un y gu n , .t t x x x
which implies
5 3 n 5 2 ny1 5 ny1 5 2 5 ny1 5 2­ u t F a M ­ u t q ­ u t .  .  .  . .sy4 sy4 sy4t 1 t 1 t 1
5 n 5 2 5 n 5 2q c ­ u t q ­ u t 3.8 .  .  . .sy2 sy30 t 1 t 1
 < <4with c [ max t , g .0
 .  .  .  .Substituting 3.7 and 3.8 into 3.6 , the estimate 3.5 follows. Q.E.D.
 .As simple consequences of 3.5 we shall obtain the following two
lemmata.
 n n 4LEMMA 3.2. There is T ) 0 such that the sequence u , u is bounded1 n
in
1 3
j syj 2 sy3 j sq2y2 jw x w x w xC 0, T , H l C 0, T , H l H 0, T , H . .  .  .F F1 1 1
js0 js2
Proof. Fix any T ) 0 and choose K as0
5 5 2 5 Y X 5 2K [ c T u , u q u , ku y g u q 1 . 3.9 .  . .s sy10 0 0 1 0 1
 0 0.  .  .Since u , u s 0, 0 , we conclude from 3.5 that
5 1 1 5 2 1 j sy j 5 1 1 5 2 2 sy3u , u q u , uF C w0, T x , H . C w0, T x , H .js 0 0 0
3
T0 2j 1 15 5q ­ u , u t dt F K . 3.10 .  .  .H sq2y2 jt 1 1
0 js2
Choose T ) 0 small enough, such that1
5 5 2 5 Y X 5 2 2c T u , u q u , ku y g u q a K KT q a K KT F K . .  .  . .s sy11 0 0 1 0 1 1 1
3.11 .
 .  .Then, using 3.5 , 3.10 , and induction on n , we conclude for each n that
5 n n 5 2 1 j sy j 5 n n 5 2 2 sy3u , u q u , uF C w0, T x , H . C w0, T x , H .js 0 1
3
T1 2j n n5 5q ­ u , u t dt F K . .  .H sq2y2 jt 1 1
0 js2
Q.E.D.
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 x  n n 4LEMMA 3.3. There is T g 0, T such that u , u is con¨ergent in2 1 n
1 jw x sy j. 2w x sy3. 3 jw x sq2y2 j.F C 0, T , H l C 0, T , H l F H 0, T , H .js0 2 2 js2 2
 .Proof. For the iteration scheme 3.1 , we can establish the following
estimate in a similar manner as in Lemma 3.1,
5 nq1 n nq1 n 5 2 1 j sy j 2 sy3u y u , u y u F C w0, T x , H .l C w0, T x , H .js 0
3
T 2nq1 n nq1 n5 5q ­ u y u , u y u t dt .  .H sq2y2 jt 1 1
0 js2
2
T 2n ny1 n ny15 5F C ­ u y u , u y u t .  .H sq1yj1 t 1 0 js0
T 2ny1 ny2 ny1 ny25 5q ­ u y u , u y u t dt 3.12 .  .  .H sy4t 1 1 /0
 xfor any n G 2 and T g 0, T , where c is independent of T. It is easy to1 1
 .conclude the desired result from 3.12 . Q.E.D.
Combining Lemmata 3.2 and 3.3, we obtain
 .PROPOSITION 3.4. If u , u , u satisfy0 1 0
u , u g H s and u , u Y y g uX g H sy1 , 3.13 .0 0 1 0 1
 .  .then there is a unique solution u, u to 1.1 in the space
0 w x s 1 w x sy1 2 w x sy3C 0, T , H l C 0, T , H l C 0, T , H .  .  .2 2 2
3
j sq2y2 jw xl H 0, T , H 3.14 . .F 2
js2
with T ) 0 gi¨ en in Lemma 3.2.2
 . 1Let us now study the further regularity of u. From u, u g Fjs0
jw x sy j.C 0, T , H we deduce2
0 w x s 1 w x sy1f u , u g C 0, T , H l C 0, T , H , 3.15 .  . .  .2 2
which implies
0 w x sy2 1 w x sy3u s f u , u q t u y gu g C 0, T , H l C 0, T , H . .  .  .t t x x x 2 2
3.16 .
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 . 2w x sy2 .Similarly, the property u, u g H 0, T , H yields2
2 w x sy4u g H 0, T , H . 3.17 . .t t 2
 .  .Combining 3.15 ] 3.17 it follows
PROPOSITION 3.5. The solution u obtained in Proposition 3.4 satisfies
3
j syj 4 sy4w x w xu g C 0, T , H l H 0, T , H . 3.18 . .  .F 2 2
js0
 .The final result concerns the special regularity of u, u in the regions I,
 .II, and III under the assumption 3.3 .
 .  .PROPOSITION 3.6. Under the assumption 3.3 , the solution u, u of
 .problem 1.1 satisfies
2 s’ w x­ q t ­ u g L 0, T , H , I, III , . .t x 2
2 s’ w x­ y t ­ u g L 0, T , H , I, II , . .t x 2
l 0 sq1yl’ w x­ q t ­ u g C 0, T , H , I, III , . .t x 2
3.19 .
l 0 sq1yl’ w x­ y t ­ u g C 0, T , H , I, II , l s 1, 2. . .t x 2
 .  .Proof. 1 At first we prove 3.19 for the case l s 1. Formally, using
 .Theorem 1.1 for problem 1.3 we have
’ ’­ q t ­ u q ­ y t ­ u0 s 0 s .  . .  .t x t xC H , I , III C H , I , II
’ ’q ­ q t ­ u q ­ y t ­ u2 s 2 s .  . .  .t x t xL H , I , III L H , I , II
5 5 5 Y X 5 5 5 sq 1F c T u , u q u , ku y g u q u , u . s sy1 H 0 0 1 0 1 0 0 e
5 Y X 5 s 5 5 0 sy3 1 sy4q u , ku y g u q FH C H .l H H .1 0 1 e
’1 j sy3y j5 5q G q ­ q t ­ F , G . 2 sy3 .F H H .  .t x L H , I , IIIjs 0
’q ­ y t ­ F , G . 3.20 .  .2 sy3 . / .t x L H , I , II
 .  .The specific form of F, G given in 1.5 implies
5 5 0 sy3 1 sy4 5 5 0 sy1 5 5 1 sy3F F c u , u q u , uC H .l H H . C H . C H .
5 5 2 j sy2 jq u , u , 3.21 ..F H H .js 1
5 5 1 j sy3y j 5 5 2 j sy1y j 5 5 2 j sy1y jG F c u q u , 3.22 . .F H H . F H H . F H H .js 0 js0 js0
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and
’ 1 j sy2y j5 5­ " t ­ F , G F F , G . 2 sy3 . F H H . .t x L H js 0
5 5 3 j sy j 5 5 2 j sy jF c u q u , .F H H . F H H .js 0 js0
3.23 .
where c ) 0 is a constant.
 xFor a fixed T g 0, T , using the Propositions 3.4 and 3.5, the right-hand2
 .  .  .  .sides of 3.21 ] 3.23 are finite when 3.3 is valid; hence, also that in 3.20
 .which implies 3.19 for l s 1.
 .  .   .  ..  .  .2 Let f t, x [ f u t, x , u t, x y gu t, x , where u, u is still thex
 .  .solution to 1.1 . From 3.19 for l s 1, we have
2 sy1’­ q t ­ f g L H , I, III , . .t x
3.24 .
2 sy1’­ y t ­ f g L H , I, II . . .t x
Using the usual d'Alembert formula for the problem
u y t u s f t , x , .t t x x
3.25 .
u t s 0 s u , u t s 0 s u , .  .0 t 1
we get
1 1 xq t t’’ ’u t , x s u x q t t q u x y t t q u j dj .  . .  . H0 0 1 ’2 t xy t t’
1 t  .xq t tyt’ 1q f t , j dj dt , .HH 1 1 5’  .t 0 xy t tyt’ 1
which implies
2’­ q t ­ u t , x . .t x
Y X’ ’ ’s 2t u x q t t q 2 t u x q t t .  .0 1
t’ ’ ’q f 0, x q t t q ­ q t ­ f t , x q t t y t dt , . .  .  .H t x 1 1 1
0
3.26 .
and hence belongs to
0 w x sy1C 0, T , H , I, III .2
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 .because of 3.24 and the fact that
0 sy1w xf s f u , u y gu g C 0, T , H . .  .x 2
Similarly, we obtain
2 0 sy1’ w x­ y t ­ u g C 0, T , H , I, II . . .t x 2
Q.E.D.
 .As a simple consequence of 3.19 we get
COROLLARY 3.7. In the region I we ha¨e
2
j sq1yjw xu g C 0, T , H , I . 3.27 . .F 2
js0
Proof of Theorem 1.2. The proof is now given by a combination of
Propositions 3.4, 3.5, and 3.6. Q.E.D.
We remark that an additional independence of g on u cannot be
treated in the regularity class considered in Theorem 1.2.
4. CONCLUDING REMARKS
We have discussed and described the propagation of singularities for the
Cauchy problem of linear thermoelasticity as well as for a class of semilin-
ear Cauchy problems in one space dimension. It turns out that the
characteristic picture is dominated by the hyperbolic part with exactly the
same characteristic lines. Nevertheless the parabolic part induced by heat
conduction not only presents technical difficulties, but influences the kind
of results obtainable. Although the heat equation itself has a well-known
smoothing effect, in thermoelasticity it does not have a smoothing effect.
Instead, it prevents the analysis from being exactly the same as for wave
equations. By the infinite propagation speed and having the real line as
domain of dependence, the heat equation, through the coupling, has a
deregularizing effect, visible in Theorem 1.2 in the restriction l s 1, 2 in
 .1.16 . On the other hand, a certain smoothing effect can be seen in
Theorem 1.1 by looking at the regularity needed for u .2
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Finally we remark that most arguments rely on a careful analysis in
Fourier space and the use of optimal regularity results for heat equations
which can be carried over to boundary value problems}in principle}to
s  sr2 .replace H by D A , where A is the self-adjoint Laplace operator for
Dirichlet or Neumann boundary conditions.
 .EXAMPLE 1. V s 0, ` , u N s 0, u s 0. Either extend u sym-­ V x N ­ V
metrically and u antisymmetrically to all of R and use the results above, or
 .use the Fourier sine resp. Fourier cosine transformation instead of the
w xFourier transformation, as done in 5 .
 . EXAMPLE 2. V s 0, 1 , u N s 0, u s 0. Use Fourier sine resp.­ V x N ­ V
.cosine series expansions.
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